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Abstract
The problem of fast evaluation of a matrix-vector product over GF (2) is considered. The problem is reduced
to erasure decoding of a linear error-correcting code. A large set of redundant parity check equations for this code
is generated. The multiplication algorithm is derived by tracking the execution of the message-passing algorithm
on the obtained set of parity check equations. The obtained algorithms outperform the classical ones.

I. I NTRODUCTION
Let us consider the problem of efficient evaluation of a matrix-vector product y = Ax, where x ∈
GF (2p )k , p > 0, is an arbitrary vector, and A ∈ GF (2)r×k is a fixed matrix. This task is equivalent to
computing a number of modulo-2 sums of some elements of x vector. Such problem frequently arises in
coding theory, cryptography, computer algebra and many other areas of computer science. Straightforward
evaluation of the product requires rk/2 operations in average. However, in many cases more efficient
algorithms are needed. Such algorithms can be derived easily if matrix A possesses some algebraic
structure [1], [2], [3]. However, sometimes the algebraic structure of the matrix is not apparent or is
difficult to exploit. In this case it may be possible to employ the ”Four Russians algorithm” (V.L. Arlazarov,
E.A. Diniz, M.A. Kronrod, I.A. Faradjev) [4] for Boolean matrix multiplication, which requires 2k 2 / log2 k
summations over GF (2m ). Alternatively, one could employ common subexpression elimination techniques,
which are actively used in modern optimizing compilers [5]. However, the existing CSE algorithms are
not able to exploit fully the algebraic properties of the underlying exclusive-OR operation.
In this paper we propose a method for systematic derivation of fast matrix-vector multiplication algorithms for arbitrary binary matrices A. The method is based on the concept of erasure decoding and
message-passing algorithm. The paper is organized as follows. The fast algorithm derivation method is
described in Section II. Numeric results are presented in Section III. Finally, some conclusions are drawn.
II. AUTOMATIC DERIVATION OF A MATRIX - VECTOR MULTIPLICATION ALGORITHM
A. Message-passing algorithm
Low-density parity check codes and message-passing decoding algorithm have received great attention
during last ten years due to their strong error correction capability and low decoding complexity [6]. Recall,
that the message-passing algorithm operates on a bipartite graph (Tanner graph). Check nodes of this graph
correspond to the parity check equations of a given linear code, while the variable nodes correspond to the
codeword symbols (or variables used in the check equations). Check node i is connected to variable node
j if and only if variable i is used in the j-th check equation. In the case of erasure decoding, codeword
symbols (and corresponding variable nodes in the Tanner graph) may be either known or unknown. By
active node we denote a check node such that all its neighbours except one are known. Message passing
decoding effectively consists in finding an active check node, expressing the unknown codeword symbol
via the known ones using the corresponding check equation, and marking the recovered symbol as known.
The complexity of this algorithm is proportional to the number of edges in the Tanner graph, i.e. density
of the check matrix used to construct the Tanner graph. It becomes particularly efficient if this matrix is
sparse.

It must be recognized that the sparse system of parity check equations is not a property of a specific
code, but just one of many possible representations of this linear code. For any given linear code it is
always possible to derive a system of sparse parity check equations, completely describing the code. The
sparseness of the obtained check matrix depends on the weight spectrum of the dual code. However,
one should keep in mind that the performance of the message passing algorithm depends strongly on the
degree distribution of the assoicated Tanner graph and stopping set structure [7], [8], [9]. Each parity
check matrix is associated with the minimum stopping distance ds , which gives the number of erasures
correctable by the message passing algorithm operating on the associated Tanner graph. Minimum stopping
distance can not exceed the minimum distance of the code dc , and can be substantially smaller than it,
for poorly constructed check matrices. However, it is always possible to make ds = dc by introducing
sufficient amount of redundant check equations [10].
B. Multiplication via decoding
The problem of computing y = Ax is equivalent to finding a solution of the homogenous system of
linear equations
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such that the last k entries of the solution vector are given by x. This can be also considered
¡
¢as recovering
first r erased symbols in a codeword of a linear binary code C with check matrix H = I A . Hence, any
fast erasure decoding algorithm for this code can be used to constuct a fast algorithm for multiplication
by A. In principle, one can immediately employ the message-passing decoding algorithm to solve (1).
However, this would be equivalent to straightforward computation of y = Ax. The main idea of the
proposed method is to transform the check matrix in such a way that the message passing algorithm
becomes more
than straightforward matrix-vector multiplication.
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Het H = I A be the original check matrix of code C, which can be also considered as a generator
matrix of the dual code C ⊥ . Let {h1 , . . . , hM } be a set of C ⊥ codewords such that wt(hi ) ≤ w, where
w is a sufficiently small value being a parameter of the algorithm. Let us construct an extended parity
b which contains all rows of H and vectors hi . This matrix includes H as a submatrix, so
check matrix H,
the message-passing algorithm is guaranteed to complete successfully. Indeed, one can always compute
b correspond to auxiliary
yi = Ai,∗ x, 1 ≤ i ≤ r. However, the additional rows of the extended matrix H
identities, which can be used to express some components of vector y via those computed earlier. By
construction, the weight of the additional rows does not exceed w, i.e. the corresponding identities allow
recovery of codeword symbols with at most w − 1 operations, while the identities corresponding to the
original matrix H require k/2 operations in average. Observe that exactly r identities out of r + M would
be actually used by the message passing algorithm.
Let H̃ be a matrix consisting of the rows corresponding to the parity check identities actually used
by the message-passing algorithm. The decoding complexity can be further reduced if one eliminates
common subexpressions arising in these identities. Let n0 = r + k, H̃0 = H̃, r0 = r, i = 1. Let us find a
pair (u, v), 1 ≤ u < v ≤ ni−1 of columns in H̃i−1 such that 1’s in these columns occur simultaneously in
more than one row. Let j1 , j2 , . . . be the numbers of these rows. Let ri = ri−1 + 1, ni = ni−1 + 1. Construct
matrix H̃i by appending to H̃i−1 an additional weight-3 row with 1’s in positions u, v and ni−1 , and adding
this additional row to rows j1 , j2 , . . .. This would effectively eliminate common subexpression cu + cv in
the corresponding parity check identities. If there exist other common subexpressions, let i = i + 1 and
repeat the above transformations. It can be seen that the described transformations lead to a check matrix
H with orthogonal rows. This implies that the associated Tanner graph is free of length-4 loops. This
approach was independently proposed in [11].



1 0 0 0 1 1 1 0
0 1 0 0 1 0 1 1

For example, the described algorithm transforms the matrix H̃0 = 
0 0 1 0 0 1 0 1 into
0 0 0 1 1 1 1 1
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Observe that the sequence of check matrices H̃i corresponds to a set of codes with parameters (n, k), (n+
1, k), . . . , (n + i, k), . . .. All codewords (c1 , c2 , . . . , cn+i ) of the i-th code in this sequence contain a lengthn prefix being a codeword of the original code C. The remaining part corresponds to auxiliary variables
used in the matrix-vector multiplication algorithm being designed.
Having obtained a set of orthogonal parity checks, one can generate a sequence of operations needed
to recover the codeword by tracking the execution of the message passing algorithm. Observe that this
has to be done only once at the design stage. The number of operations in the obtained multiplication
algorithm can be computed as
r
X
(2)
wt H j,∗ − r,
f=
j=1

where r is the number of rows in matrix H, and H j,∗ is the j-th row of this matrix.
C. Optimizing the multiplication algorithm
In general, there are many different ways to construct H̃ matrix, leading to the algorithms with different
complexity. At each step of the message passing algorithm one can select different parity check identities
to be used for computing a new component of y, and even different components of y to be computed.
The decision made at each step affects not only the subsequent steps, but also the structure of common
subexpressions, as described above. This leads to a huge number of alternatives to be checked while
constructing the fast matrix-vector multiplication algorithm. Therefore we propose a randomized method,
which is not guaranteed to find an optimal algorithm, but provides quite good results in practice.
¡
¢
1) Construct matrix H := I A . Let F := ∞, s := 1.
2) Find at most P vectors hi : wt hi ≤ w in the space of rows of H matrix. For example, this can be
b and the associated Tanner graph. Mark r first
done using the algorithm in [12]. Construct matrix H
variable nodes of the Tanner graph as unknown, and the remaining k ones as known.
3) Let H̃ be a 0 × (r + k) matrix.
4) Let B be the set of active check nodes in the Tanner graph. Let Bl ⊂ B be the set containing at
b with the smallest weight.
most l active nodes corresponding to rows in H
5) Select randomly j ∈ Bl , and let i be the only unknown variable node connected to check node j.
Append the row corresponding to check node j to matrix H̃, and mark variable node i as known.
6) If there exists any unknown node, go to step 4.
7) Apply the common subexpression elimination algorithm described above to matrix H̃. Let f be the
number of operations in the corresponding multiplication algorithm.
8) If f < F , let F := f and keep the obtained sequence of operations.
9) Let s := s + 1. If s < N , go to step 3.
The described algorithm has parameters w, P , l, and N , which denote the maximal weight of the additional
rows in the extended parity check matrix, their maximal number, the number of different evaluation paths
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considered at each step of the algorithm, and the number of attempts to be performed, respectively.
Obviously, increasing N allows one to obtain more efficient multiplication algorithms. The optimal values
of w and l depend strongly on the matrix A and have to be optimized interactively. Increasing the value of
w increases the number of active nodes available at each iteration of the algorithm, but increases also the
number of operations needed to recover the unknown codeword symbols using the corresponding parity
check equations. Increasing l extends the search space of the optimization algorithm, enabling potentially
more efficient solutions to be found, but increases also the time needed.
III. N UMERIC RESULTS
Figure 1 presents a complexity comparison of different matrix-vector multiplication algorithms. 7 k × k
random matrices were generated for k = 20..80, and the method described above was employed to derive
a multiplication algorithm. Additionally, the curves corresponding to the complexity of the straightforward
and ”Four Russians’” algorithms (k 2 /2 and 2k 2 / log2 k summations, respectively) are presented. It can
be seen that the algorithms derived using the approach proposed in this paper have considerably smaller
complexity than the classical ones.
This work was motivated by the need of reduction of the number of summations in the cyclotomic
fast Fourier transform algorithm [13]. Application of the method described here enabled considerable
reduction of the number of operations needed by that algorithm.
IV. C ONCLUSIONS
In this paper a method for construction of fast matrix-vector multiplication algorithms was proposed.
The algorithms generated with this method have considerably smaller complexity compared to the classical
algorithms. Open questions include development of an analytical estimate of their average complexity, as
well as further improvement of the proposed method.
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