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Abstract—Recursive trellis decoding of polar codes is considered. Polar codes are shown to have much lower recursive trellis
decoding complexity compared to similar Reed-Muller codes.
Furthermore, a low-latency decoding algorithm, which combines
recursive trellis and successive cancellation decoding methods, is
presented.

I. I NTRODUCTION
Arikan polar codes [1] were recently adopted for encoding
of short data blocks, arising in the 5G control channel. One of
the problems, which prevents their application for encoding of
long data blocks, is huge decoding latency of the successive
cancellation (SC) algorithms and its derivatives.
In this paper we show that polar codes admit efficient
maximum likelihood decoding via the recursive trellis algorithm (RTA) [2]. We show that the trellises induced by polar
codes have the number of states much lower compared to
similar Reed-Muller codes. Furthermore, the recursive treelike nature of RTA immediately results in substantial reduction
of the decoding latency compared to the latency of SC based
algorithms. This comes at the expense of the increased number
of arithmetic operations performed by the decoder. To obtain
a low-latency decoding algorithm for long polar codes with
reasonable complexity, we further propose to combine the
recursive trellis and SC decoding methods.
The paper is organized as follows. Section II provides a
background on polar codes, as well as a brief overview of
the recursive trellis decoding algorithm. The complexity of the
latter algorithm in the case of polar codes is studied in Section
III. A novel low-latency decoding algorithm for polar codes,
which combines RTA and SC decoding, is presented in Section
IV. The results illustrating its complexity and performance are
presented in Section V.
II. BACKGROUND
A. Polar codes
Consider the Arikan
transformation given by
⊗m polarizing

⊗m
1 0
1 0
Am = Bm
=
Bm , where Bm is a
1 1
1 1
bit-reversal permutation1 matrix. This construction can be also
extended to the case of mixed-kernel polarizing transformations [3]. It is possible to show that a binary input memoryless
1 Sometimes polar codes are introduced without the permutation matrix
Bm . This matrix, however, is essential for obtaining reasonably low decoding
complexity with the recursive trellis decoding algorithm.
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with capacities approaching 0 or 1 symbols per channel use,
and fraction of noiseless subchannels approaching I(W ), the
capacity of channel W , where [n] = {0, . . . , n − 1}. The
(i)
Bhattacharyya parameter Zm,i of subchannel Wm satisfies
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An (n = 2m , k) polar code over F2 is a set of codewords
c0n−1 = u0n−1 Am , where ui = 0, i ∈ F , F ⊂ [n] is the set of
frozen symbol indices (frozen set), and |F | = n − k. The set
F is typically selected as the set of indices i of subchannels
W (i)
m , such that Zm,i ≥ π for some threshold π. Such codes
will be referred to as canonical polar codes.
Observe that the (i, j)-th element of Am is equal to 1 iff
Rm (j)  i, where
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It is possible to show that for canonical polar codes F satisfies
the domination contiguity property, i.e. i ∈ F implies j ∈ F
for any j : j  i [4].
It is convenient to describe the SC algorithm in terms
(i)
of probabilities Wm v0i | y0n−1 of transmission of various
vectors v0n−1 Am with given values v0i , provided that the
receiver observes a noisy vector y0n−1 , i.e.
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These values can be approximated as Wm v0i | y0n−1 ≈
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where 0 < λ ≤ m,
and
denote subvectors of
consisting of elements with even and odd indices, respectively.
By transforming these values into the corresponding LLRs,
one obtains min-sum version of the SC algorithm [5].
At phase i the SC decoder makes decision
(
 i−1
b0 • vi | y0n−1 , i 6∈ F
arg maxvi ∈F2 W (i)
m u
u
bi =
the frozen value of ui ,
otherwise,

where a • b denotes a vector obtained by appending b to a.
The number of sequential steps (decoding latency) needed to
compute W (i)
m and make decisions ûi is given by
ΛSC = m +

m
X

The straightforward approach to construction of a composite
branch table for some code C is to enumerate all codewords
of px,y (C), and find the most probable one for each coset
in px,y (C)/sx,y (C). However, more efficient approach was
suggested in [2] for the case of y − x ≥ 2.
Consider some z : x < z < y. Let the generator matrix of
px,y (C) be represented as

 (s)
Gx,z
0

(s) 
Gz,y 
 0
(7)
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=
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2m−i i = 2n − 2.
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B. Recursive trellis decoding of binary linear codes
A recursive trellis-based maximum likelihood decoding
algorithm (RTA) for linear codes was proposed in [2]. Given a
linear code C, let Ch,h′ be its subcode, such that all its codewords have non-zero symbols only in positions h ≤ i < h′ .
Let ph,h′ (C) be a linear code obtained by puncturing all
symbols, except those in positions h ≤ i < h′ , from codewords of C. Let us further define sh,h′ (C) = ph,h′ (Ch,h′ ),
i.e. a code obtained from C by shortening it on all symbols except those with indices h ≤ i < h′ . sh,h′ (C) and
ph,h′ (C) will be referred to as section codes. Consider a
minimal trellis of code C, and its section corresponding to
symbols from x to y. It is possible to show that the paths
between two adjacent states in this section correspond to a
coset in px,y (C)/sx,y (C). Furthermore, there may be several
paths in the trellis corresponding to the same coset. This
enables one to reduce the complexity of maximum likelihood
(ML) decoding of code C by computing the metrics of
these paths once, and using several times. That is, for each
coset D ∈ px,y (C)/sx,y (C) one needs to identify the most
probable elementl(D) = cxy−1 ∈ P
D, and its log-probability
y−1
m(D) = log W cxy−1 | yxy−1 =
i=x log W {cy | yi }. Let
the composite branch table CBTx,y be a data structure
storing the pairs (l(D), m(D)). In the case of ML decoding of
some (n, k) code, p0,n (C)/s0,n (C) contains a single element,
so CBT0,n contains a single entry, which corresponds to a
solution of the ML decoding problem.
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′′
kx,y × (y − z) matrices, respectively. There is an one-toone
between vectors vG′x,y , where G′x,y =

 correspondence


(10)
(11)
′
is a kx,y
× (y − x) matrix, and cosets
Gx,y Gx,y
′
′′
D ∈ px,y (C)/sx,y (C). Here kx,y
, kx,y
are some integers,
which depend on code structure, and can be obtained from
the minimum span form of its generator matrix.
Hence, we write CBTx,y [v].l := l(D) and CBTx,y [v].m =
m(D), with D being a coset corresponding to v. It can be
seen that

CBTx,y [v].m =
k′

(CBTx,z [a].m + CBTz,y [b].m) , v ∈ F2x,y (8)
max
′′
k

u∈F2 x−y

where a and b are indices of the cosets D′ ∈ px,z (C)/sx,z (C)
and D′′ ∈ !pz,y (C)/sz,y (C), respectively,
such that
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values a, b can be identified from the following system of
equations:
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where a′ , b′ are some irrelevant values. Obviously, the solue x,y
bx,y and b = u v G
tions are given by a = u v G
b
e
for some matrices Gx,y and Gx,y . The corresponding most
likely coset representatives are given by CBTx,y [v].l =
CBTx,z [â].l • CBTx,z [b̂].l, where â, b̂ are the values of a and
b, which deliver maximum in (8).
′
′′
The complexity of this calculation is O(2kx,y +kx,y ). It can
be further reduced by exploiting the tricks suggested in [2].
The overall decoding complexity strongly depends on the
sectionalization method being used, i.e. a rule for selection
of the partitioning point z for some x, y. For the sake of
simplicity, we assume here that z = (x + y)/2, although in

some cases the decoding complexity may be reduced by more
careful selection of z.
III. R ECURSIVE TRELLIS DECODING OF POLAR CODES
It was shown in [6] that the SC decoding algorithm for
polar codes can be considered as successive application of the
recursive trellis decoding algorithm to (n + 1, n − i) codes
(i)
C , such that their generator matrices are obtained by taking
rows i, . . . , n − 1 of matrix Am and appending (1, 0, . . . , 0)T
column to it, with some intermediate results being reused for
different phases i = 0, . . . , n − 1. These codes were shown to
have the following properties:
1) For any i < 2m , any τ < m, and any x being multiple
of 2τ
px,x+2τ (C
and
sx,x+2τ (C

(i)

(i)

) = px+2τ ,x+2τ +1 (C

) = sx+2τ ,x+2τ +1 (C

(i)

(i)

)

).
(i)

2) For any x being multiple of 2τ one has px,x+2τ (C ) =
(i−1)
(i)
(i−1)
px,x+2τ (C
) and sx,x+2τ (C ) = sx,x+2τ (C
),
for any i = 2s i′ > 0, and 1 ≤ τ < m − s.
3) If binary sectionalization is used, i.e. for any x, y the
′′
trellises are partitioned at time z = x+y
2 , then kx,y ≤ 1.
This implies that the SC algorithm is equivalent to successive
(i)
application of the RTA to codes C [6].
The above facts were established not for classical polar
(i)
codes, but for artificial codes C , which arise in the course
of SC decoding. Nevertheless, they suggest that the trellises
introduced in [2] may be very simple in the case of polar
codes.
In this section we show this explicitly by studying the codes
px,y (C) and sx,y (C), which are obtained from a polar code
C in the case of binary sectionalization.
Theorem 1. Given a length-2m polar code C with a frozen
′
set F , px,y (C) is a polar code with the frozen set Fτ,t
=
τ
{i ∈ [2 ]|∀j ∈ [ν] : Rm−τ (t)  j ⇒ iν + j ∈ F }, where x =
2τ t, y = 2τ (t + 1), t ∈ [ν], ν = 2m−τ .
Proof. The symbols of codeword of the polar code c0n−1 are
given by
X
cj =
ui .
i∈F
Rm (j)i

τ

The codewords ce02
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=

=
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of the punctured code are given by
ui2m−τ +j χRm (2τ t+s)i2m−τ +j

i=0

ui2m−τ +j χRτ (s)i∧Rm−τ (t)j

i=0

χRτ (s)i

2m−τ
X−1

|

j=0

ui2m−τ +j χRm−τ (t)j , 0 ≤ s < 2τ ,
{z
u
ei

}

where χZ = 1 iff Z is true. Obviously, u
ei is identically zero iff
for all j ∈ [2τ ], such that Rm−τ (t)  j, one has i2m−τ + j ∈
F.
For canonical polar codes iν + ν − 1 ∈ F implies
′
iν + j ∈ F for all j ∈ [ν], so one obtains Fτ,t
=
τ
{i ∈ [2 ]|iν + ν − 1 ∈ F }. This set appears to be independent
of t.
Lemma 1. Consider a canonical polar code with frozen set
F . Then the check matrix of this code is given by rows n −
1 − i, i ∈
/ F , of matrix Am .
Proof. It can be seen that ATm is obtained by reversing the
order of columns and rows in Am . This implies that the dual
of a polar code with frozen set F is a code generated by rows
n− 1 − i, i ∈
/ F of matrix Am , written in the reverse order [7].
To conclude the proof, observe that the automorphism group
of polar codes includes permutation π(i) = n − 1 − i [4].
Theorem 2. Given a length-2m canonical polar code C with
a frozen set F , sx,y (C) is a polar code with the frozen set
′′
Fτ,t
= {i ∈ [2τ ]|iν ∈ F } , where x = 2τ t, y = 2τ (t + 1), 0 ≤
t < ν, ν = 2m−τ .
Proof. Observe that a check matrix of a shortened code
sx,y (C) can be obtained as a generator matrix of
the punctured dual code px,y (C ⊥ ). Lemma 1 implies
that the dual of C is a polar code with frozen set
F ⊥ = {i|n − 1 − i ∈
/ F }. Theorem 1 implies that
px,y (C ⊥ ) is a polar code with the frozen set F ′ =
{i|∀j ∈ [2m−τ ] : Rm−τ (t)  j ⇒ n − 1 − (i2m−τ + j) ∈
/ F }.
Hence, sx,y (C) is a polar code given by frozen set
F ′′ = {i|2τ − 1 − i ∈
/ F ′ } = {i|∃j ∈ [2m−τ ] : Rm−τ (t) 
τ
j ∧ n − 1 − ((2 − 1 − i)2m−τ + j) ∈ F }. Here it is sufficient
to take j = ν − 1.
The above theorem implies that for polar code C one has
k2′′τ t,2τ (t+1) = dim(s2τ t,2τ (t+1) (C)) − dim(s2τ t,2τ t+2τ −1 (C))
′′
− dim(s2τ t+2τ −1 ,2τ t+2τ (C)) = |Fτ′′−1,2t | + |Fτ′′−1,2t+1 | − |Fτ,t
|


τ −1
m−τ +1
τ
m−τ
= 2| i ∈ [2
]|i2
∈ F | − | i ∈ [2 ]|i2
∈ F |,

where dim(C) is the dimension of code C. Furthermore,

k2′ τ t,2τ (t+1) = dim(p2τ t,2τ (t+1) (C)) − dim(s2τ t,2τ (t+1) (C))

=| i ∈ [2τ ]|i2m−τ ∈ F |

− | i ∈ [2τ ]|(i + 1)2m−τ − 1 ∈ F |

Figure 1 presents an example of the recursion tree for the
recursive trellis decoding algorithm. Each node in the tree
′
′′
shows the values of x, y, kx,y
, and kx,y
.
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Fig. 1: Decomposition tree for (32, 16) polar code with F = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 16, 17, 18, 20}
The total complexity of computing (8) for sections of
length y − x′′ = 2τ is proportional to 2δ = 2m−τ ·
2k2τ t,2τ (t+1) +k2τ t,2τ (t+1) , where
δ =(m − τ ) + (k2′′τ t,2τ (t+1) + k2′ τ t,2τ (t+1) )
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Since i2m−τ +1  (2i + 1)2m−τ , the domination contiguity
property implies that

N1 ≥ N1′ = i ∈ [2τ −1 ]|(2i + 1)2m−τ ∈ F ,

and 2N1 ≥ N1 + N1′ = | {i ∈ [2τ ]|i2m−τ ∈ F} | =
(2)

| i ∈ [2τ ]|Zm,i2m−τ ≥ π | ≥ {i ∈ [2τ ]|Zτ,i ≥ π2τ −m }.
Furthermore, N2 =  i ∈ [2τ ]|Zm,(i+1)2m−τ −1 < π
=

(3)

τ −m

i ∈ [2τ ]|Zτ,i < π 2

. Hence, for sufficiently small π,

2N1 − N2 is lower bounded by the number N̂ of imperfectly
(i)
polarized subchannels Wτ . This number is known [8] to
satisfy, at least for the case of the binary erasure channel,

N̂
= q(Z0,0 , π),
2τ
where µ is the scaling exponent of polar codes, and q(Z0,0 , π)
is some positive value. That is, the number of imperectly
polarized subchannels grows with code length. Hence, the
complexity of the recursive trellis decoding algorithm is dominated by a few top layers of the recursion.
The latency of the recursive trellis decoding algorithm is
given by
m
X
λτ ,
ΛRT A =
lim 2τ /µ

τ →∞

τ =1

′′
O(kx,x+2
τ)

where λτ =
is the latency of computing (8).
The complexity of the recursive trellis decoding algorithm
can be substantially reduced by employing the techniques
introduced in [9]. This would, however, come at the price of
substantially higher decoding latency.

TABLE I: RTA latency and complexity, n = 128
Reed-Muller
Polar
k Complexity Latency Design Eb /N0 , dB Complexity Latency
8
895
8
0
383
6
29
4334911
23
1
8575
14
64 4425123935
38
2
142655
22
99 151 111 775
37
3
43583
20

IV. H YBRID

TRELLIS -SC DECODING OF POLAR CODES

Since the complexity of the recursive trellis decoding algorithm grows exponentially with code length, it is natural to
implement a hybrid decoding method, which would combine
low latency of RTA, and low complexity of SC decoding.
Any polar code of length 2m can be considered as a generalized concatenated code [10] with inner (2η , 2η −i) polar codes,
and outer polar codes of length 2τ , where τ = m − η, and the
i-th outer code has frozen set Fi = {j ∈ [2τ ]|i2τ + j ∈ F }
[11]. The SC decoding algorithm can be considered as an
instance of the multistage decoding method for multilevel
(generalized concatenated) codes [12], where outer codes of
length 1 are used. However, by considering the polar code
as a generalized concatenated code with longer outer codes,
one can obtain performance or complexity gain by employing
the multistage decoding method together with the appropriate
decoding algorithms for outer codes.
We propose to employ the recursive trellis algorithm for
decoding of outer codes. Due to polarization provided by
the inner polarizing transformation Aη , most of the outer
codes arising in the GCC representation of the polar code
are either low-, or high-rate ones. This ensures that their RTA
decoding complexity is sufficiently
P2η −1 low, while the decoding
latency is equal to ΛSCT = i=0 Λi li , where Λi is the RTA
decoding latency of the i-th outer code, and li is the latency
of computing input LLRs or probabilities based on (5)–(6). If
the intermediate results of these calculations are appropriately
reused [13], then li is equal to min(η, b(i) + 1), where b(i) is
the number of least significant bits of i equal to 0.
The proposed approach can be considered as an improvement of [14]. Indeed, RTA enables efficient decoding of
sufficiently long non-trivial outer codes.

RTA to the considered polar code. The latency of the trellisSC algorithm is much lower compared to ΛSC = 2n − 2,
latency of the SC algorithm. Observe that a recent reducedlatency decoding algorithm [15] requires 226 time steps for
(1024, 256) polar code, 85% more compared to the proposed
algorithm.

100

10−1

FER

10−2

10−3

VI. C ONCLUSIONS

10−4
(1024,980) Trellis−SC τ=3
(1024,980) Trellis−SC τ=6
(1024,980) SCL L=1
(1024,980) SCL L=4
(1024,256) Trellis−SC τ=3
(1024,256) Trellis−SC τ=6
(1024,256) SCL L=1
(1024,256) SCL L=4

10−5

10−6

0

1

2

3

4
Eb/N0, dB

5

6

7

8

Fig. 2: Performance of polar codes under Trellis-SC decoding
TABLE II: Decoding complexity and latency for polar codes
of length 1024
SCL complexity, L = 1
SCL complexity, L = 4
Trellis-SC complexity, τ = 3
Trellis-SC latency, τ = 3
Trellis-SC complexity, τ = 6
Trellis-SC latency, τ = 6
RTA complexity

(1024, 256) (1024, 980)
10240
10240
40960
40960
7764
7830
361
401
43248
11109
122
81
9101823

V. N UMERIC

In this paper it was shown that polar codes admit very
efficient decoding by the recursive trellis decoding algorithm.
Furthermore, a hybrid low-latency decoding method based on
the recursive trellis and successive cancellation algorithms was
proposed.
In general, the recursive trellis algorithm, while providing
maximum likelihood decoding, has much higher complexity
compared to the successive cancellation list decoding method
with comparable performance. Reducing the recursive trellis
algorithm complexity requires exploiting the techniques introduced in [9]. Implementation of these tricks without heavy
latency penalty is the subject of further study.
On the other hand, the performance of the proposed trellisSC algorithm may be improved by employing list decoding
techniques. This, however, requires developing an extension of
the recursive trellis algorithm, capable of producing a list of
most probable codewords. This would enable one to perform
low-latency near-ML decoding of improved versions of polar
codes, such as polar codes with CRC [13] and polar subcodes
[16].

RESULTS

Table I presents decoding complexity and latency for some
polar and Reed-Muller codes of length 128 under the recursive
trellis decoding algorithm. Polar codes were constructed via
the Gaussian approximation method [11] for AWGN channel
with SNR shown in the table. The complexity is reported
in terms of the number of summation and comparison operations. It can be seen that polar codes have much lower
decoding complexity and latency compared to Reed-Muller
codes, although the complexity appears to be higher compared
to n log2 n = 896, the complexity of the SC algorithm, except
for the case of k = 8, where the RTA appears to be simpler.
Recall, that the RTA always provides maximum likelihood
decoding, while the SC algorithm is highly suboptimal.
Figure 2 illustrates the performance of polar codes of length
1024 under the proposed trellis-SC algorithm. For comparison,
we report also the performance of SC list decoding algorithm
[13] with various values of list size L. It can be seen that
the trellis-SC algorithm provides somewhat better performance
compared to the case of SC decoding (L = 1). However, its
performance is inferior compared to the case of Tal-Vardy
list decoding with L > 1. The complexity and latency of
the considered algorithms is reported in Table II. It can be
seen that the complexity of the proposed trellis-SC decoding
method in the worst case is close to that of the SC list
decoder, an in some cases is much lower. It is also much
lower compared to the case of immediate application of the
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