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Abstract
The interpolation step of the Guruswami-Sudan list decoding algorithm for Reed-Solomon codes
is considered. Two improvements to the ideal exponentiation interpolation method are proposed.

I. I NTRODUCTION
Reed-Solomon codes represent the most widely used family of error correcting codes.
List decoding enables one to correct more errors compared to classical hard-decision decoding methods. However, the Guruswami-Sudan list decoding algorithm [1] still remains too
computationally expensive to be used in practical systems. The most difficult part of this
algorithm is construction of a bivariate polynomial having a number of roots of sufficiently
high multiplicity.
A generalization of the binary exponentiation method to the case of zero-dimensional ideals
was proposed in [2]. It consists of the multiplication stage, where bivariate polynomials having
roots of multiplicity r are multiplied to double their root multiplicity, and the reduction stage,
where linear transformations are applied to these polynomials to minimize their weighted
degree. In this paper some modifications are proposed in order to reduce the complexity of
the multiplication stage of this algorithm.
The paper is organized as follows. Section II presents an overview of the ideal exponentiation interpolation algorithm. Section III introduces some novel complexity reducing
techniques. Numeric results are given in Section IV. Finally, conclusions are drawn.
II. I DEAL EXPONENTIATION INTERPOLATION ALGORITHM
A. Guruswami-Sudan list decoding algorithm
(n, k, n − k + 1) Reed-Solomon code over GF (2m ) is defined as
RS(n, k) = {(f (x0 ), . . . , f (xn−1 ))|f (x) ∈ GF (2m )[x], deg f (x) < k},
where xi are distinct elements of GF (2m ), and n is usually set to n = 2m − 1. List decoding
of vector Y = (y0 , . . . , yn−1 ) consists in finding all polynomials f (x) : deg f (x) < k, such
that f (xi ) = yi for at least τ positions i. This problem can be solved by the Guruswami-Sudan
algorithm, which consists of the following stages:
1) Interpolaton: construct polynomial Q(x, y) such that its (1, k − 1)-weighted degree does
not exceed l, and the points (xi , yi ) are its roots of multiplicity r. By abuse of notation,
we denote the latter propery as Q(xi , yi ) = 0r .
2) Factorization: find all polynomials f (x) : Q(x, f (x)) = 0 and deg f (x) < k. Select
among them those corresponding to valid solutions of the list decoding problem.
The expressions relating parameters n, k, r, l and τ can be found in [3].

The interpolation step can be implemented by solving a system of linear equations, but the
dimension of this system causes the complexity of such implementation to be prohibitively
high. A simpler way is to construct a Groebner basis of the ideal of interpolation polynomials.
B. Finding a Groebner basis of the ideal of interpolation polynomials
It can be easily shown that all polynomials Q(x, y) : Q(xi , yi ) = 0r belong to ideal
Ir =< φj (x)(y − T (x))r−j , j = 0..r >,
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where φ(x) = n−1
i=0 (x − xi ) and T (x) : T (xi ) = yi , i = 0..n − 1 [4], [5]. The required
interpolation polynomial can be obtained by constructing a Groebner basis of this ideal
with respect to (1, k − 1)-weighted degree lexicographic monomial ordering, and selecting
the smallest element of this basis. However, applying the generic Buchberger algorithm to
polynomials given by (1) turns out to be a computationally difficult task. It is possible to
reduce the complexity by constructing first a Groebner basis of I1 , and using it to obtain
Groebner bases of ideals
P
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where r = m
j=0 rj 2 , rj ∈ {0, 1}, I = I · I, I = GF (2 )[x, y], and I · J denotes the
product of ideals I and J. It is possible to show [6] that

i.e. the product of ideals is generated by all pairwise products of their basis elements.
Unfortunately, the basis of the ideal product obtained in this way is not a Groebner one
even if the ideals being multiplied are given by their Groebner bases. Furthermore, the size
of the Groebner basis of the ideal product is usually much smaller than (u+1)(v +1), as given
by (3). That is, most of the polynomial multiplication operations required by the standard
ideal multiplication rule are useless, and computationally expensive Buchberger algorithm is
needed to obtain a Groebner basis of the ideal product.
These problems were addressed in [2]. It was shown that the ideal product can be constructed by means of the M erge algorithm, which is shown in Figure 2. It requires O(u + v)
bivariate polynomial multiplications. Furthermore, the Buchberger algorithm can be substituted with a generalization of the classical Euclidean algorithm presented in Figure 1. Here
rand() denotes a function returning a random non-zero element of GF (2m ), LT Q(x, y) is
the leading term of Q(x, y) with respect to (1, k − 1)-weighted degree lexicographic ordering,
and ydeg Q(x, y) = j iff LT Q(x, y) = axu y j for some a ∈ GF (2m ) and u ∈ Z. The bivariate
interpolation algorithm based on this approach is shown in Figure 3. This algorithm constructs
a Groebner basis of Ir = {Q(x, y) ∈ GF (2m )[x, y]|Q(xi , yi ) = 0r }. The interpolation
polynomial needed by the Guruswami-Sudan algorithm is given by the smallest element
of this basis. Correctness proof and complexity analysis of this method are given in [2].
This approach reduces the interpolation complexity by the order of magnitude compared
to the iterative interpolation algorithm [3]. However, it still remains quite high compared to
classical Reed-Solomon decoding algorithms.

R EDUCE((S0 (x, y), . . . , Si−1 (x, y)), P (x, y))
1 Si (x, y) ← P (x, y)
2 while ∃j : (0 ≤ j < i) ∧ (ydeg Sj (x, y) = ydeg Si (x, y))
3 do if LT Si (x, y)| LT Sj (x, y)
LT S (x,y)
4
then W (x, y) ← Sj (x, y) − LT Sji (x,y) Si (x, y)
5
Sj (x, y) ← Si (x, y)
6
Si (x, y) ← W (x, y)
LT Si (x,y)
7
else Si (x, y) ← Si (x, y) − LT
Sj (x,y) Sj (x, y)
8 if Si (x, y) = 0
9
then i ← i − 1
10 return (S0 (x, y), . . . , Si (x, y))
Fig. 1.

Construction of Groebner basis of zero-dimensional ideal < S0 (x, y), . . . , Si−1 (x, y), P (x, y) >.

M ERGE((P0 (x, y), . . . , Pu (x, y)), (S0 (x, y), . . . , Sv (x, y)), n, r1 , r2 )
1 r ← r1 + r2
2 for i ← 0 to u + v
3 do Qi (x, y) = min0≤j≤v Pi−j (x, y)Sj (x, y)
4 B = (Q0 (x, y), . . . , Qu+v (x, y))
5 while ∆(B) > nr(r+1)
2
6 do αi ← rand(), i = 0..u
7
βj ← rand(),
Pv
Pju = 0..v
8
Q(x, y) ← ( i=0 αi Pi (x, y)) ( i=0 βi Si (x, y))
9
B ← Reduce(B, Q(x, y))
10 return B

Fig. 2.
Construction of Ir basis from the Groebner bases of Ir1 =< P0 (x, y), . . . , Pu (x, y) > and Ir2 =<
S0 (x, y), . . . , Sv (x, y) >.

III. FAST IDEAL MULTIPLICATION
The main idea behind line 3 of M erge algorithm is to find sufficiently small elements in
Ir1 Ir2 , so that the number of iterations in the W HILE loop is minimized. Furthermore, the
constraint ydeg Qi (x, y) = i is enforced. Most of the computation is performed on line 11
of Interpolate algorithm, where the Groebner basis of I 2 = I · I is computed. At this step
M erge algorithm takes as input two identical vectors of bivariate polynomials. We propose
to reduce the complexity by replacing lines 2 and 3 of M erge algorithm with
Q2i (x, y) = Pi2 (x, y)
Q2i+1 (x, y) = min P2i+1−j (x, y)Pj (x, y), i = 0..u
0≤j≤u

(4)
(5)

This modification must be used only if identical ideals are multiplied. Observe that in the
considered case of codes over GF (2m ) one can use the identity (a + b)2 = a2 + b2 to compute
Pi2 (x, y) with just L operations, where L is the number of non-zero terms in Pi (x, y), while
the straightforward polynomial multiplication requires O(L2 ) arithmetic operations. Numerical
experiments indicate that this modification has almost no impact on the number of iterations
of the subsequent W HILE loop.
P
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Furthermore, we observe that the bivariate polynomials P (x, y) =
i pi (x)y arising
in the considered algorithm have the “triangular” shape, i.e. deg pi (x) ≤ c − (k − 1)i,

I NTERPOLATEQ
(((xi , yi ), i = 1..n), r)
n
1 φ(x) ← i=1 (x −Qxi )
Pn
(x−xj )
2 T (x) ← i=1 yi Q j6=i(xi −xj )
j6=i
3 G ← (φ(x))
4 j=0
5 repeat
6
G ← Reduce(G, y j (y − T (x)))
7
j ←j+1
8
until LT Gj = y j
9 B←G P
m
10 Let r = j=0 rj 2j , rj ∈ {0, 1}
11 for j ← m − 1 to 0
12 do B ← M erge(B, B)
13
if rj = 1
14
then B ← M erge(B, G)
15 return B

Fig. 3.

Construction of a Groebner basis for Ir

for some c > 0. Bivariate polynomial multiplication, which is extensively used in M erge
algorithm, can be considered as two-dimensional linear convolution, and one can recursively
use classical fast multiplication algorithms to compute it [7], [8]. However, the triangular
shape of the polynomials would be completely destroyed during the pre-summation stage of
these algorithms. Therefore we propose a modification of the Karatsuba algorithm adapted to
the case of triangular polynomials.
Consider the problem of computing C(x, y) = c00 + c01 y + c10 x + c11 xy + c02 y 2 +
c20 x2 ³= (a00 + a01
´y³+ a10 x)(b00
´ + b01 y + b10 x). Degree-2 part of C(x, y) can be computed
x
x
2
as y a01 + a10 y b01 + b10 y = y 2 a01 b01 + xy ((a01 + a10 )(b01 + b10 ) − a01 b01 − a10 b10 ) +
x2 a10 b10 . The remaining part C 0 (x, y) = c00 + c01 y + c10 x can be reconstructed from its values
in any three points. An easy choice is C 0 (0, 0), C 0 (0, 1), and C 0 (1, 0). This leads to
C(x, y) = a00 b00 + y ((a00 + a01 )(b00 + b01 ) − a01 b01 − a00 b00 ) +
x ((a00 + a10 )(b00 + b10 ) − a10 b10 − a00 b00 ) +
y 2 a01 b01 + xy ((a01 + a10 )(b01 + b10 ) − a01 b01 − a10 b10 ) + x2 a10 b10
This algorithm requires 6 multiplications and 12 additions. Employing the conventional Karatsuba algorithm also requires 6 multiplications, but 14 additions. The coefficients aij and bij can
also be triangular polynomials, enabling thus recursive application of the proposed algorithm.
Indeed, one can decompose a generic triangular polynomial as
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TABLE I
L IST DECODING TIME , S
n, k, t, r
31, 15, 10, 21
255, 200, 29, 17

1
0.49
6.11

2
0.46
5.06

3
0.45
4.93

whereX = xvs/2 , Y = y u/2 , and s is any integer. The polynomials A00 (x, y), A00 (x, y) +
A10 (x, y) and A00 (x, y) + A01 (x, y) are “rectangular”, while A01 (x, y) + A10 (x, y), A10 (x, y)
and A01 (x, y) are again triangular. One can employ the above described algorithm recursively
to compute the product of two such polynomials.
IV. N UMERIC RESULTS
Computer simulations were used to analyze the efficiency of the proposed improvements.
Three versions of M erge function were implemented:
1) The original version given in Figure 2.
2) Polynomial squaring method given by (4).
3) Polynomial squaring method with fast triangular polynomial multiplication.
Standard Karatsuba bivariate multiplication algorithm was used in the first two cases. The
algorithms were implemented in C++ programming language, and simulations were performed
on Intel Core i7 PC @2.67 GHz for different values of code length n, dimension k, number
of errors t and root multiplicity r. The results are given in Table I. It can be seen that the
polynomial squaring method provides up to 17 % better performance compared to the original
version of M erge algorithm. Additional 3 % gain can be achieved by using the proposed
triangular polynomial multiplication method. Observe that the squaring method can be used
jointly with re-encoding, which was shown to provide additional complexity reduction, as
well as requires much less memory [2].
V. C ONCLUSIONS
In this paper implementation issues of the ideal exponentiation interpolation algorithm
were considered. It was shown that one can reduce the complexity of the multiplication
stage of this algorithm by replacing polynomial multiplication operation with the squaring
one. Furthermore, a modificaton of the Karatsuba algorithm was proposed for computing the
product of “triangular” polynomials, which arise in the considered interpolation algorithm.
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