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Abstract—The problem of efficient decoding of polar codes is
considered. A modification of the sequential decoding algorithm is
proposed. Instead of processing one symbol at each iteration, we
perform ML decoding of blocks of symbols using the tree-trellis
list Viterbi algorithm. Numeric results show that the proposed
approach significantly reduces the average complexity and latency
of the sequential decoder without any performance degradation.

I.

I NTRODUCTION

Polar codes were recently shown to be able to achieve the
capacity of a wide class of communication channels [1]. The
successive cancellation (SC) algorithm fails to achieve the ML
performance. This problem can be avoided by employing a list
decoding algorithm [2], [3]. The sequential decoding algorithm
was shown to have much lower complexity [4].
In this paper a generalization of the sequential decoding
algorithm is introduced, which enables one to significantly
reduce the decoding complexity and latency. The idea is to
recursively decompose the polar code as a Plotkin concatenation of some outer codes. The recursion is stopped as
soon as codes efficiently decodable using a ML algorithm are
obtained. Instead of splitting paths in the code tree at each
phase corresponding to a non-frozen symbol, as in classical
list/stack algorithms, we propose to split the paths into a
number of branches corresponding to most probable codewords
of the codes obtained from the Plotkin decomposition. For the
sake of concreteness, we consider application of the tree-trellis
Viterbi algorithm for finding these codeword. However, any
other algorithm, which can successively obtain codewords in
the decreasing order of their probability, can be used.
The idea of recursive decomposition of a polar code and
ML decoding of outer codes was suggested in [5]–[7] in the
context of SC decoding. In this paper we extend this approach
to the case of the sequential decoding algorithm, which was
shown to have very low decoding complexity and performance
comparable to that of list decoding.
II.

BACKGROUND

A. Polar codes and the sequential decoding algorithm
m

An (n = 2 , k, d) polar code is a binary linear block
⊗m
code generated

 by k rows of matrix Gn = Bn A , where
1 0
A =
, ⊗m denotes m-fold Kronecker product of a
1 1
matrix with itself, Bn is an n × n bit reversal permutation
matrix, and d is the minimum distance of the code. Let
c0n−1 = (c0 , . . . , cn−1 ). Any codeword of the polar code can
be obtained as c0n−1 = u0n−1 Gn , where u0n−1 is the input
sequence, such that ui = 0, i ∈ F , where F ⊂ {0, . . . , n − 1}
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is the set of n − k indices of frozen bit subchannels. The
remaining elements of u0n−1 are set to the payload data. It
was suggested in [8] that ui , i ∈ F can be set to some linear
function of ui−1
0 (dynamic frozen symbols). This enables one
to obtain a code with higher minimum distance than classical
polar codes, which can be still efficiently decoded by the SC
decoding algorithm and its variations.
The sequential decoding algorithm explores paths within
the code tree. A path of length i is identified by values ui−1
0 .
Each path is associated with a score. All paths are stored in a
stack (priority queue) of size Θ. At each iteration the decoder
extends path ui−1
with the highest score, and performs the i-th
0
phase of SC decoding. If the number of elements in the stack
exceeds the limit Θ, low score paths are killed. Furthermore,
if the decoder returns to phase i more than L times, all paths
shorter than i + 1 are also killed.
Path score T (ui0 , y0n−1 ) is defined as an estimate of the
most likely codeword probability. At phase i it can be computed as
T (ui0 , y0n−1 ) = ln R(ui0 , y0n−1 ) + Ω̂ln (i)
R(ui0 , y0n−1 )

(1)

P (u0n−1 |y0n−1 )

= maxun−1
and Ω̂ln (i) =
i+1
j∈F ,j>i ln(1−Pj ), Pj is the j-th subchannel error probability, provided that exact values of all previous bits uj ′ , j ′ < j
are available.

where
P

B. Trellis representation
For any linear (N, K) block code C over GF (q) there
exists a minimal span generator matrix G which can be used
to construct a minimal trellis T for the code [9]. A trellis
is an undirected weighted graph, which consists of N + 1
non-intersecting subsets of vertices (states), called levels, and
N non-intersecting subsets of edges. Trellis representation
together with the Viterbi algorithm can be used to implement
ML decoding of any linear code. The complexity of this
method is proportional to the number of edges in the trellis.
III.

B LOCK

SEQUENTIAL DECODING

A. Code decomposition
Let us consider an (n = 2l , k) polar code C with set
F0 of frozen symbols indices as a code obtained via Plotkin
concatenation of polar codes C0 and C1 , i.e.
C = {(u + v|u)|u ∈ C0 , v ∈ C1 } ,
where Ci is given by the set of frozen symbol indices Fi ,
such that F0 = F ∩ {0, . . . , n/2 − 1}, F1 = {j|j + n/2 ∈ F }.
Similarly to [5], we construct a tree of codes. The leaves of this
tree correspond to codes which allow efficient ML decoding.
In our implementation, these are codes of dimension at most

2, or rate 1, or length at most 2t , where t is a parameter
of the proposed algorithm. Every non-leaf node of this tree
corresponds to a code Ci , and two its children correspond to
codes Ci0 and Ci1 obtained from its Plotkin decomposition.
Each node in this tree is identified by some index i ∈ E,
j
where E = ∪m
j=0 {0, 1} . Codes corresponding to leaves of
this tree will be referred to as outer codes. Let L ⊂ E be the
set of indices i of leaves. Let I be the array of leaf indices
i arranged lexicographically in the ascending order. Let V be
the number of leaves in the tree.
Essentially, the SC algorithm recursively decomposes
(n, k) polar code C, until it obtains codes of length 1. Each
of these codes corresponds to some uφ , 0 ≤ φ < n, where φ
will be referred to as a phase number. Hence, SC decoding of
(ni , ki ) code Ci , i ∈ E, starts at phase φi − ni + 1 and ends at
phase φi , so that φi1 = φi , φi0 = φi − ni /2, and φ = n − 1. In
the proposed algorithm we employ ML instead of SC decoding
for codes Ci , i ∈ L.
Statement 1. For any i corresponding
to a node in the code
Pmi −1 j
decomposition tree φi ≡ j=0
2 mod ni , where ni = 2mi .

Proof: The statement is obvious for i = ǫ, i.e. root
node of the tree.PAssume that it holds for some node i,
mi −1 j
i.e. φi = qni + j=0
2 . Since ni1 = ni0 = ni /2, one
Pmi1 −1 j
obtains φi1 ≡ j=0 2 mod ni1 , and φi0 = φi − 2mi −1 =
Pmi −2 j
2 .
2qni0 + j=0

In the case of polar codes with dynamic frozen symbols
we employ the generalized Plotkin decomposition [10], i.e.
construct for a (ni , ki ) code the generator matrix


! Gi0
0
0
I˜ 
Iki0

(2)
G̃ =
Gi1 Gi1  ,
0
Iki1 0
Gi2 Gi2

where Il is a l × l identity matrix, Gij , 0 ≤ j ≤ 2, are kj × n2i
matrices, ki = ki0 + ki1 , and I˜ is obtained by stacking Iki2
and a (ki0 − ki2 ) × ki2 zero matrix, where ki2 ≤ ki0 . Here
matrices Gi0 , Gi1 generate codes Ci0 , Ci1 , so that decoding of
code Ci requires one first to decode code Ci0 to obtain some
codeword xGi0 , and then proceed with decoding in a coset
Ci1 + xGi2 .
B. The algorithm

The proposed decoding algorithm employs data structures
and path management techniques similar to those introduced
in [3], which were modified in [4] for the case of sequential
decoding. Similarly to these works, we define real array
Sl,λ [β], 0 ≤ λ ≤ m, 0 ≤ β < 2m−λ , 0 ≤ l < Θ,
and boolean array Cl,λ [β][s], 0 ≤ s < 2. In the actual
implementation, it is sufficient to take λ ≤ m − t. Here
λ and β denote layer and branch number, respectively. Furthermore, we define array of state variables Zl,i , i ∈ L.
These variables are used to successively obtain codewords
of Ci corresponding to some input LLR vector in the descending order of their probability.

 We also employ function
RecursivelyCalcS(l, λ, φ/2m−λ ), which computes
Sl,λ

from Sl,λ−1 , and RecursivelyU pdateC(l, λ, φ/2m−λ ),
which computes Cl,λ−1 from Cl,λ at phase φ [3], [4].
At phase φ the sequential algorithm [4] extends path uφ−1
0

into one or two paths uφ0 , so that Cl,m [0][φ mod 2] = uφ .
We propose to process jointly symbols, which correspond to a
single outer code defined in Section III-A. That is, the proposed
decoding algorithm passes only through phases φi , i ∈ L.
During all passes through phase φi the decoder extracts χi ≤
ξi = min(2ki , Λ) most probable codewords of outer code Ci
corresponding to LLR values Sl,m−mi [j], 0 ≤ j < ni = 2mi .
The path is cloned χi − 1 times, and symbols cj of the
obtained codewords are stored in the corresponding entries
Cl,m−mi [j][z mod 2], 0 ≤ j < ni , where z = ⌊φi /2mi ⌋,
and the metrics of the corresponding paths in the code tree
are computed and stored in the stack. Furthermore, some state
information is preserved in variable Zl,i , so that the next most
probable codewords of Ci corresponding to LLRs Sl,m−mi [j]
can be later identified.
The metrics of the paths corresponding to the obtained
codewords should be computed so that they are equal to what
would be obtained by the sequential decoding algorithm if it
takes the corresponding path in the code tree.
At phase φ the score T of path l is defined as [4]
T = (1 − Cl,m [0][φ mod 2])Sl,m [0] + Dl,m + Ω̂ln (φ), (3)
where S is given by
(
Q(Sl,λ−1 [2β], Sl,λ−1 [2β + 1]), φ even,
Sl,λ [β] =
(−1)Cl,λ [β][0] Sl,λ−1 [2β] + Sl,λ−1 [2β + 1], φ odd,
(4)
where Q(a, b) = sign(a)sign(b) min(|a|, |b|),
(
P2m−λ −1
Dl,λ−1 + j=0
Zl,λ [j], 0 < λ ≤ m
Dl,λ =
0,
λ=0
and Zl,λ [β] is defined as
(
max(Sl,λ−1 [2β], Sl,λ−1 [2β + 1]),
Zl,λ [β] =
Cl,λ [β][0]Sl,λ−1 [2β],

(5)

φ even,
φ odd.
(6)

For odd φ one should update the array C according to
Cl,λ−1 [2β][ψ mod 2] = Cl,λ [β][0] ⊕ Cl,λ [β][1],
Cl,λ−1 [2β + 1][ψ mod 2] = Cl,λ [β][1],

(7)

where ψ = ⌊φ/2⌋.
In order to compute the metrics of the paths obtained at
phase φi , we need to expand (3) mi times taking into account
(4)–(6). Statement 1 implies that we need to consider only the
case of odd φ. One-level expansion of (3) results in
T =((1 − Cl,m [0][1])(−1)Cl,m [0][0] + Cl,m [0][0])Sl,m−1 [0]+
(1 − Cl,m [0][1])Sl,m−1 [1] + Dl,m−1 + Ω̂ln (φi )

(8)

Cl,m [0][0]

It is easy to see that (1 − Cl,m [0][1])(−1)
+ Cl,m [0][0]
is equal to 1 − (Cl,m [0][0] ⊕ Cl,m [0][1]). Using (7), one can
write (8) as
T =(1 − Cl,m−1 [0][⌊φi /2⌋ mod 2])Sl,m−1 [0]
+ (1 − Cl,m−1 [1][⌊φi /2⌋ mod 2])Sl,m−1 [1]

(9)

+ Dl,m−1 + Ω̂ln (φi ).
Performing this expansion mi times, one obtains
T = Ml,m−mi + Dl,m−mi + Ω̂ln (φi ).

(10)

where
Ml,m−mi =

nX
i −1

(1 − Cl,m−mi [j][z mod 2])Sl,m−mi [j],

j=0

and z = ⌊φi /ni ⌋. The values Sl,m−mi [j] can be computed
by calling RecursivelyCalcS(l, m − mi , z), where l is the
number of the path (see [4] for implementation details). It will
be assumed that the decoders of outer codes compute scores
F = Ml,m−mi + Dl,m−mi for each obtained codeword. This
requires Dl,m−mi to be included into the state variable Zl,i .
Hence, the proposed block sequential decoding algorithm
(BSDA) operates as follows:
1)
2)
3)

4)
5)

6)
7)

8)
9)
10)

Let l0 be the index of the initial path. Let Sl0 ,0 [j] be
the received symbol LLRs. Let J[l0 ] = 0. Put (0, l0 )
into the stack. Let χl0 ,i = 0, qi = 0, i ∈ L, P = 1.
Extract (M, l) with the highest M from the stack. If
J[l] ≥ V, return Cl,0 [β][0], 0 ≤ β < n, and terminate.
Let P = P − 1.
Let i′ = I[J[l] − 1]. If χl,i′ < ξi′ , extract the next
most probable codeword c of Ci′ , together with the
corresponding value F , using the state variable Zl,i′ .
Clone the current path, and let Cl′ ,m−mi′ [β][z ′ mod
2] = cβ , where z ′ = ⌊φi′ /ni′ ⌋ and put (F +
Ω̂ln (φi′ ), l′ ) into the stack, where l′ is the index of
the cloned path. Let P = P + 1, χl,i′ = χl,i′ + 1.
Let i = I[J[l]], zi = ⌊φi /ni ⌋. Let qi = qi + 1.
Compute Sl,m−mi [β], 0 ≤ β < ni , and δ = Dl,m−mi
by calling RecursivelyCalsS(l, m − mi , zi ).
Preprocess δ and LLR values Sl,m−mi [β] using a
decoder of the outer code Ci . Save the decoder state
(i.e. the results of pre-processing) in variable Zl,i .
Then use it to obtain 1 ≤ τ ≤ ξi most probable codewords c(s) together with the corresponding
scores F (s) , 0 ≤ s < τ . Let χl,i = χl,i + τ .
If P + τ > Θ, kill P + τ − Θ paths with the smallest
metrics, remove them from the stack and decrease P
appropriately.
For each s do: if s > 0, clone path l to
obtain new path l′ , and let l′ = l otherwise.
(s)
Let Cl′ ,m−mi [β][zi mod 2] = cβ . Put (F (s) +
Ω̂ln (φi ), l′ ) into the stack. If zi ≡ 1 mod 2, call
RecursivelyU pdateC(l′, m − mi , zi ). Let J[l′ ] =
J[l] + 1.
Let P = P + τ , χi = χi + τ .
If qi > L, kill all paths l′ : J[l′ ] < J[l], remove them
from the stack and decrease P appropriately.
Go to step 2.

The decoders of outer codes must be able to compute one or
more most probable codewords corresponding to a given LLR
vector (see step 5). Furthermore, they must preserve some state
information, which can be used later at step 3 to obtain next
most probable codewords. Observe that step 3 is invoked only
if the block sequential algorithm has accessed the last most
probable codeword of Ci obtained so far.
It is possible to slightly reduce the complexity of the
proposed algorithm if one does not retrieve at steps 3 and
5 codewords c(s) with F (s) < F (0) − ∆ for some ∆ > 0.
The proposed algorithm preserves the property of algorithms [3], [4], [11], that at most L paths pass through

each phase φi . Therefore, the maximal number of iterations
performed by the decoder is upper bounded by VL. The
parameter Λ affects the performance, complexity and amount
of memory needed to store state variables Zl,i . The parameter
Θ ≤ VL determines the amount of memory used.
C. Decoding of outer codes
1) Tree-trellis Viterbi algorithm: We propose to employ the
tree-trellis Viterbi list algorithm (TTA) [12], [13]. It includes
forward pass (preprocessing), which computes partial path
metrics, and backward pass, which retrieves codewords in the
decreasing order of their correlation metric. This algorithm
can find Λ codewords successively, so that the s-th codeword
c(s) is obtained using previously discovered codewords
(s′ ) ′
c , s < s ≤ Λ. Observe that the multiple-list tree trellis
algorithm [12] has better asymptotic complexity, but for the
considered case of decoding very short outer codes it induces
too much overhead.
The original TTA was described for the case of convolutional codes. For completeness, we present a brief description
of this algorithm with appropriate changes needed to accomodate the case of linear block codes, and extraction of at most
ξ codewords with metric F (s) ≥ F (0) − ∆.
Let σt , 0 ≤ t < n, be the input LLRs, and consider
decoding of (n, k) linear code C. Decoding is performed using
the minimal trellis of C.
A path p = p(0), p(1), . . . , p(n) of length n is a sequence
of connected trellis nodes p(i), i = 0, . . . , n, which describes
a codeword of C. Let ps be the s-th best path. In the forward
pass of TTA, for each node (t, j), where t and j denote level
and state, respectively, two partial path metrics M1 [t][j] and
M2 [t][j], M1 [t][j] ≥ M2 [t][j] are stored. The metric M1 [t][j]
is the smallest partial path metric from node (0, 0) to node
(t, j). It can be obtained as in the Viterbi algorithm with
M1 [t][j] = max{M1 [t − 1][i] + M (i → j, t)}, t > 0, (11)
i

where M (i → j, t) = σt−1 (1 − r(i → j, t)), and r(i → j, t) is
the codeword symbol corresponding to transition from (t−1, i)
to (t, j). Observe that in the minimal trellis there are at most
two nodes (t − 1, i) connected by edges with node (t, j). Let
v[t][j] be the state that gives the maximum in (11), and v̄[t][j]
be the other state. If there is only one node having a transition
to (t, j), then let v̄[t][j] = v[t][j]. Let us further define
(
+∞,
t = 0,
M2 [t][j] =
M1 [t − 1][v̄[t][j]] + M (v̄[t][j] → j, t), t > 0.
It is the smallest partial path metric from node (0, 0) to node
(j, t) via node (v̄[t][j], t − 1).
The backward passes use a stack (priority queue) S of
elements S = (S.m, S.q, S.t, S.u), h ≥ 1, where:
•

S.m is a path metric;

•

S.q is the serial number of the call to the backward
pass algorithm, at which S was inserted into the stack;

•

St is a level;

•

S.u is a partial path metric from node (pSq (S.t), S.t)
to node (n, 0)

Fig. 1: TTA backward pass.

The stack provides a function P opM ax, which returns the
element with the highest S.m, and removes it from the stack.
The preprocessing operation used at step 5 of the above
described BSDA for polar codes corresponds to the forward
pass of the TTA. This operation involves computing metrics
M1 [t][i] and M2 [t][i]. One should also set s = 0 and save the
value of δ. In order to extract codewords in the decreasing
order of their probability, the algorithm shown in Figure 1
should be used. For s = 0 it follows the most probable path
in the trellis. During each pass over the trellis, it stores in
the stack at line 14 the metrics of paths which diverge from
the current one. Therefore, each subsequent call results in a
codeword with smaller metric m. If the algorithm returns ∅,
the corresponding operations of the BSDA should be skipped.
In order to use this algorithm in the BSDA, one needs
to save the contents of the stack S, the value of δ, as well
as M1 [t][j], M2 [t][j], v[t][j], ps [t] in the corresponding state
variable Zl,i . Note that ps [t] can be stored in a compact form,
as described in [12].
The complexity of the forward pass of TTA is O(e), where
e is the number of edges in the trellis. The complexity of the
backward pass is O(nξ log ξ).
2) Simplified decoding: For some codes it is possible to
design a simpler decoding algorithm. In the case of ki ≤ 2 it
is easy to produce all 2ki codewords. In the case of ki = ni
one can enumerate most probable vectors using the techniques
presented in [14], [15]. In practice it is sufficient to find 4 such
vectors. This can be done in O(ni ) operations.
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BACKWARD PASS ()
1 if s > ξ
2
then return N U LL
3 if s = 0
4
then i ← 0; t ← n; m ← 0; ps [t] ← 0;
5
else S ← S.P OP M AX ();
6
t ← S.t; i ← pS.q [t]; m ← S.u;
7
for (l = t, . . . , n)
8
do ps [l] ← pS.q [l]
9
j ← v̄[t][i]
10
m ← m + M2 [t][i] − M1 [t − 1][j]
11
ps [t − 1] ← j; t ← t − 1; i ← j
12 while t 6= 0
13 do if v[t][i] 6= v̄[t][i]
14
then S.P USH BACK (S(M2 [t][i] + m, s, t, m))
15
j ← v[t][i]
16
m ← m + M1 [t][i] − M1 [t − 1][j]
17
ps [t − 1] = j
18
t ← t − 1; i ← j
19 if s = 0
20
then edge ← m − ∆
21
else if m < edge
22
then return ∅
23 s ← s + 1
24 Let C be the codeword corresponding to path ps
25 return (C, m + δ)
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IV.

N UMERICAL

RESULTS

Fig. 2 present simulation results illustrating the performance of the proposed decoding algorithm compared to the
sequential decoding algorithm for the case of BPSK transmission over AWGN channel. The results are reported for
(1024, 512, 28) and (2048, 1024, 48) polar codes with dynamic
frozen symbols obtained as subcodes of extended BCH codes
[8], and various values of list size L. For comparison, we report
also results for similar WiMAX LDPC codes. We have found
that in order to obtain the performance comparable to that of
the sequential decoding algorithm for the considered codes,
while minimizing the complexity of the proposed algorithm,
one can set t = 3 (i.e. TTA is used only for outer codes of
length 8), Λ = 30 and ∆ = 30. It can be seen that the proposed
algorithm provides slightly better performance compared to the
sequential algorithm.
Fig. 3 and Fig. 4 present average decoding complexity for
both algorithms with the above parameters. It can be seen that
the average number of summation and comparison operations
in the case of the proposed algorithm is 20 − 35% and 50%
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C ONCLUSION

In this paper a modification of the sequential decoding
algorithm was proposed. It enables one to reduce the average
decoding complexity and latency without any performance
loss. This is achieved by recursive representation of the polar
code as a Plotkin concatenation of some outer codes. This
enables one to process jointly symbols, which correspond
to a single outer code, by employing some ML decoding
algorithm. In this paper we considered application of the treetrellis Viterbi algorithm for decoding of outer codes, which
is able to successively retrieve codewords in the decreasing
order of their probability. For short outer codes this algorithm
has lower complexity and latency compared to the successive cancellation algorithm and its variations. However, its
complexity grows exponentially with code length. It may be
possible to apply more efficient near-ML decoding algorithms
for decoding of outer codes.
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less than in the case of the sequential algorithm, respectively.
Furthermore, the average number of operation with the stack
(priority queue) is reduced by a factor of ten. It can be
also seen that at Eb /N0 = 1.7 dB the average number of
summations requires by the decoders of LDPC and polar codes
of length n ≈ 2048 is approximately the same, but the polar
code provides 100 times lower decoding error probability. The
number of comparisons in the case of polar codes exceeds
the number of calls to log tanh(x/2) needed by the belief
propagation algorithm. However, the latter operation is much
more expensive, even if implemented approximately.
Figure 5 presents the average number of clock cycles
for the sequential and the proposed decoding algorithms. İt
can bee seen that average decoding latency is reduced by a
factor of three. This comes from the reduced depth of the
recursion in RecursivelyU pdateC and RecursivelyCalcS,
which correspond to the implementation of the SC algorithm.
The latency of TTA can be seen to be much less than that
of the SC algorithm. However, the obtained gain is somewhat
less than that achieved in [16]. Some extra clock cycles are
spent by the proposed algorithm on operations with the stack.
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